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A disorder parameter is constructed which signals the condensation of vortices. The construction is tested by
numerical simulations on lattice.
1. Introduction
The XY model in 3d describes the critical be-
haviour of superuid He
4
[1]. It also provides a
simple example of phase transition in which the
condensation of solitons (specically vortices),
plays an essential role[2-5]. The phase transition
is second order and the basic critical indices are
known with good accuracy[6,9]. Viewed as the
euclidean version of a (2 + 1) dimensional quan-
tum eld theory, with the temperature T as cou-
pling constant, the system has a U(1) symmetry
describing the conservation of the number of vor-
tices. Phenomenological analyses indicate that
for T > T
c
this U(1) is spontaneously broken, by
condensation of vortices in the 2d ground state[9].
We will produce microscopic evidence for this
phenomenon. We will construct the creation op-
erator of a vortex, , and use its v.e.v. hi as
a disorder parameter to detect condensation of
vortices. A similar construction has been used
to demonstrate the condensation of monopoles in
compact U(1)[10] and in SU(2) gauge theory as
a mechanism for connement of colour[11].
The action of the model is ( = 1=T )
S = 
X
i
2
X
=0
(1  cos(

(i))) (1)
The eld variable is the angle  at the site i.
At large  the system describes a free massless

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For  < 
c
= :45419 higher orders become im-
portant, and the density of vortices increases dra-
matically [3-5]. A vector eld A

= @

 can be
dened and a current
j

= "

@

A

(3)
For non singular congurations j

= 0. By con-
struction this current is conserved:@

j

= 0. The
corresponding constant of motion is
V =
Z
d
2
x j
0
(~x; x
0
) =
Z
d
2
x "
0ij
@
i
A
j
=
=
I
C
~
A  d~x =
I
C
~
r  d~x (4)
Single valuedness of the action implies that the
last integral is an integer multiple of 2 or
V = n 2 (5)
n is the number of vortices.
There exist congurations with non trivial n,
e.g.

(x   y) = arctan
(x  y)
2
(x  y)
1
(6)
which is singular at ~x = ~y and has n = 1.
The creation operator of a vortex is the trans-
lation of  by

 or, being sin(
0
) the conjugate
momentum[10]
(x) = exp

i
Z
d
2
y

(~x  ~y) sin(
0
(~y))

(7)
2A lattice (euclidean) version of  is[10,12]
(~n; n
0
) = exp[ 
X
~n
0
fcos (
0
(~n
0
; n
0
)
 

(~n  ~n
0
)

  cos(
0
(~n
0
; n
0
))g] (8)
where ~n
0
runs on the slice n
0
= const., on all
points of the lattice except the location ~n of the
vortex.
We will compute hi and show that it vanishes
for  > 
c
(in the limit V ! 1), and is 6= 0
for  < 
c
: hi is thus a disorder parameter and
monitors the condensation of vortices.
2. Results.
1)
For large 's hi can be computed in pertur-
bation theory, with the result
hi ' exp
h
 

c
1
V
1=3
+ c
2
+O(1=)
i
(9)
c
1
=  11:332 c
2
= 72:669
For  > 
c
and V !1 hi ! 0.
2)
hi can be computed from the correlation vor-
tex - antivortex. At large distances, by use of
cluster property and C invariance,
h(~x; 0)(~y; t)i
'
t!1
hi
2
(10)
Instead of measuring hi directly, it proves con-
venient to measure , dened as[10,11]
 =
d
d
lnhi (11)
In terms of   = exp

R

0
(x)dx

.  has a sharp
negative peak around 
c
, which signals a drop of
hi towards zero. (g. 1).
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Figure 1.  as a function of . The dashed lines
are the perturbative estimates at high , Eq.(9).
For  < 
c
 has a nite limit as V ! 1 (g.
2) implying that in this range hi 6= 0.
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Figure 2.  as a function of 1=L in the condensed
phase.
Around 
c
a nite size scaling analysis can
be performed as follows. If  is the correlation
length,

'
!
 
c
(
c
  )
 
hi = hi


L
;
a
L

'
!
 
c
hi


L
; 0

(12)
or
hi = hi

L
1=
(
c
  )

(13)
and
 = L
1=
f

L
1=
(
c
  )

(14)
The quality of scaling law, Eq.(14), is shown in
g. 3. A best t to the data[12] for L = 20; 30; 40
gives, with 
2
=dof = 1:07

c
= :4538(3)  = :669(65)
3to be compared to

c
= :45419(2)  = :670(7)
of [8].
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Figure 3. Quality of the nite size scaling analy-
sis. The gure corresponds to the optimal values
of 
c
and .
The critical index for hi, (hi 
!
 
c
(
c
 
)

) is  = :740(29).
3)
The form (8) for (~n) gives for
h(~n; n
0
)(~m;m
0
)i
hi =
1
Z
Z
Y
d
i
2
exp( S   S
0
) (15)
with
Z =
Z
Y
d
i
2
exp( S)
S is dened by Eq.(1), S
0
= ln + ln  by
Eq.(8). S + S
0
is nothing but the replacement
of the term cos(
0
(~n
0
; n
0
)) in the action by
cos(
0
(~n
0
; n
0
) +

(~n   ~n
0
)) on the time slice
n
0
where the vortex is created and a similar re-
placement at time m
0
where the vortex is de-
stroyed. Since all the 
i
in Eq.(15) appear as
arguments of periodic functions, any change of
variables 
i
! 
i
+ f
i
(A

! A

+ 

f) leaves
hi invariant.
A change of variables
(~n
0
; n
0
+ 1)! (~n
0
; n
0
+ 1) +

(~n  ~n
0
)
sends
cos((
0
(~n; n
0
) 

(~n ~n
0
))! cos((
0
(~n; n
0
))
and cos((
0
(~n; n
0
+ 1)) ! cos((
0
(~n; n
0
+
1) 

(~n  ~n
0
)) On the slice n
0
+ 1 the boundary
conditions change and the number of vortices is
changed by the number of vortices n carried by

. A similar change of variables can again be
performed on the slice n
0
+ 2 where again the
number of vortices gets changed by n, and so on,
until the time m
0
is reached where the vortex is
destroyed. From that time on the the change of
variables is by

(~n ~n
0
) 

(~m  ~m
0
) which carries
number of vortices zero. Hence the operator 
properly changes the boundary conditions when
monopoles are created or destroyed.
In conclusion we have dened a good disorder
parameter for condensation of vortices. It de-
scribes physics correctly. It also provides a good
test of the procedure used for detecting conden-
sation of monopoles in gauge theories[10-11].
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